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Using a variety of ICT tools (graphing calculators, data-loggers, video analysis software, dynamic geometry software: 2D and 3D etc) Adrian will illustrates some simple means of sharing dynamical ideas with classes of students from ages 11 to 19 years, of representing them graphically and of analyzing them.
0. Introduction

Many developed countries share a concern that they are not attracting enough talented young people to study science, technology, engineering and mathematics – and so be able to make positive contributions to the knowledge economy on which our future prosperity may well depend.  Schools have a major part to play in ensuring that these subjects are taught in exciting and imaginative ways, relevant to the experiences and interests of the students and which reveal, rather than conceal, how the subjects are inter-related.

The key aspect of mathematics in this process is one called `Mathematical Modelling’ – where these `models’ are not physical scale models, but are algebraic functions whose graphs fit closely the graphs obtained from data taken from scientific (and other) situations, and which allow us to make future (or past!) predictions.  Such data may be found in published form, e.g. on the Internet, or recorded by instruments such as data-loggers and cameras.  In this session I shall illustrate each of these through examples which have been used in the classroom.  During the associated workshop there will be opportunities to try these out practically.

1. Modelling from published data.

1.1 Stopping a car

The first example uses data from the UK’s official government guide for new drivers about the braking distance needed between cars travelling at different speeds – remember in the UK we still use miles and feet!: http://www.highwaycode.gov.uk/09.htm 

Shortest stopping distances
	Speed

kph        mph               
	Thinking distance

      m          ft
	Braking distance

      m            ft
	Stopping distance

     m             ft

	        32          20
	      6           20
	      6             20
	    12             40

	        48          30
	      9           30
	    14             45
	    23             75

	        64          40
	    12           40
	    24             80
	    36           120

	        80          50
	    15           50
	    38           125
	    53           175

	        96          60
	    18           60
	    55           180
	    73           240

	      112          70
	    21           70
	    75           245
	    96           315


Using the UK measurements we can set up the TI-84 data-editor and statistics plotting.
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Here we have gone straight into using the build-in statistical modelling tools.  The linear model is quite a good fit, but the quadratic model is remarkably accurate!!  This suggests there is a scientific explanation to the phenomenon in question.  First the thinking distances t in feet are just the same as the speeds x in mph, so the model here is t = x.  This is in agreement with the thinking (or reaction) time being a constant depending on the individual.  Then the braking distances will just be directly proportional to the speed.  The actual value used for the (constant) reaction time appears to be about 0.68 secs.  In order to bring the vehicle to a stop all the car’s kinetic energy of ½ mx2 will have to be `destroyed’ i.e. converted into heat (and sound?)  through the work done through the application of a constant braking force F.  So the model will be based on the equation Fb = ½ mx2 i.e. b = ½ k.x2 where the constant k is the product of m/F and the conversion factor between lengths.  Thus we have a scientific explanation of the relationships between speed and thinking distance (linear) and speed and braking distance (quadratic) – so that the total braking distance is of the form: y = px + qx2.  The actual data allow us also to determine the values of the coefficients p and q both empirically and theoretically. TII! documents\Highway code.tii .

This example of the dynamic behaviour of a physical system takes place within a continuous time-frame.   The modelling here is also continuous – but only valid within a particular range of values of the independent variable – speed.  It makes plenty of sense to interpolate the data and predict braking distances for speeds between data points, such as for 45 mph.  But it makes no sense to extrapolate the model for speeds beyond the capacity of the vehicle e.g. Mach 1!   
1.2 Boiling hydrocarbons
The same processes can be used with very different sources of data.  Here we will use the data-handling facilities of the TI-84 to try to find a mathematical model for the boiling points of hydrocarbons.  Here is part of the table.

	Carbon Number
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11

	Boiling point (C
	-162
	-89
	-42
	0
	36
	69
	98
	126
	151
	174
	196


Enter the results for 2, 4, 6, 8, 10 into lists L1 and L2 and set up a scatterplot:
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Here we have done some "by eye" modelling to try to find the equation for a straight-line graph which is a "good fit" to the data.  The TI-84 has a number of built-in models for which it can find a best-fit.  Here we select a "linear regression" model.
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How do the values of Y computed from 32.6 X - 139.6 compare with the boiling points for hydrocarbons with carbon values of 3, 5, 7, 9?  (This is "interpolation".)  How about those for 1 and 11?  (This is "extrapolation").  How well does this linear model predict the boiling point for C=35, which should be 499º?  Try extending the Window with e.g.  Xmax = 35 and 
Ymax = 600 to see the graph on a different scale.

This linear model is indeed one of direct proportion ("The more the Carbon number, the higher the boiling point.") but it does not model the way in which the increase in boiling point per carbon unit appears to be slowing.  So we need a function which grows less rapidly than a linear function.  

One such function is a "logarithmic" function (option 8 on the STAT CALC menu).  Can you set up a "LnReg" for L1 and L2 and see how well it behaves on the interpolation and extrapolation tests?

It should have the desired characteristics: 

(a) that it is always an increasing function and 

(b) that its slope is always decreasing.  

However it probably underestimates the boiling point for C = 35 by quite a long way.

So we need another function which grows more slowly than a linear function and more quickly than a logarithmic function.  One such function is a "power function" of the form: y = a xb    where a > 0 and 0 < b < 1 .  An example is y = (x which we can also write as y = x0.5.  The problem here is that we cannot obtain negative values of y (boiling point) corresponding to positive values of x (Carbon number).  However there is nothing magical about measuring boiling points in degrees Celsius - in fact it would probably be better science to measure them in degrees Kelvin - and then all the values will be positive numbers.  So we can make a new list L3 to hold the results of adding 273 to the values in list L2.  Now you can perform a power regression (option A:PwrReg ) on L1 and L3.
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Here we see that this model is a much better predictor for big values of C than either of the others.  Here is a more complete table of data - see if you can come up with a better model!

	C
	12
	13
	14
	15
	16
	17
	18
	19
	20
	21
	22
	23

	BP
	216
	236
	253
	270
	287
	302
	316
	329
	343
	357
	369
	380

	C
	24
	25
	26
	27
	28
	29
	30
	31
	32
	33
	34
	35

	BP
	391
	402
	412
	422
	431
	441
	450
	458
	467
	474
	481
	499


So far we have taken no account of any scientific principles which might help explain why one model is preferable to another.  Suppose, for example, that we thought that there was a relationship between the boiling point BP and the square root of the Carbon number C, then you could make list L4 hold the square-roots of list L1 and then look for a linear model connecting the boiling points in degrees Kelvin (L3) and the square-roots of the Carbon numbers (L4).  Of course it would then be quite easy to convert this into a model for the boiling points in degrees Celsius (how?). TII! documents\Hydrocarbons.tii .
http://dwb.unl.edu/calculators/activities/BP.html 

http://www.bbc.co.uk/schools/gcsebitesize/chemistry/usefulproductsoil/oil_and_oilproductsrev3.shtml 

The data in this example only make sense when we use Carbon numbers C which are integers – this is an example of a “discrete model”. 

2. Modelling from sensed data.
2.1 Motion detector

The first example is from a Calculator Based Ranger (CBR2, or Vernier’s Go! Motion) used to collect distance and time data from a moving object with a hand-held device such as TI-84 graphing calculator – or the new TI Nspire hand-held units.  In this example data are captured using the “Ball Bounce” application from the “Ranger” software in the built-in CBL/CBR and “EasyData” applications– which is also available with the TI InterActive! software on a PC.  
Using a CBR2 data-logger, a TI-84 graphical calculator and a rubber ball, the following data were obtained.  Lists BT and BD hold the time in seconds and the height attained by the ball using 100 samples in a 4 second period, during which time the ball made about five and a half complete bounces.  Lists BT1 and BD1 hold the data extracted for the first complete bounce.  Lists BT2 and BD2 hold the data for the highest points reached in each of the five complete bounces.
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The scattergraphs show clearly that quadratic models should be a good fit for each separate bounce:  
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The computed regression equation is given by:             

where R is the correlation coefficient for the least squares regression fit.

However this form of the quadratic function is not the most informative for modelling!

If we want to do a manual fit we could think about transforming the basic y = x2 graph by first adding a constant p to raise its vertex to height of the maximum point and then replacing x by x-r to slide the graph so that its vertex is at (p,r). If we introduce a parameter q to change the shape of the "jaws" of the function we have the alternative form: p + q(x-r)2 and we can expand this to see how the values of p,q,r can be determined from the function d(x).  
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In this example we usually assume that we have a point mass in a vacuum with no spin, air resistance or other disturbing features!  In this case the model is that the force on the object is constant, and so is its acceleration - that of gravity g.  So the velocity should be given by the integral of g with respect to time: gt + c.  Similarly the displacement of the ball will be the integral of the velocity with respect to time: 0.5gt2 + ct + d. The constants c and d can be found from the initial conditions if we know the velocity and height when the ball is released at time t=0. Comparing the quadratic term coefficients of this and the regression model we see that we have made an estimate for the acceleration due to gravity g(10.2 ms-2 approximately - with an error of about 4% from the usual value of 9.8 .  
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So here is a problem for you to consider. 
Graphing the first 6 maxima, and finding the quadratic model gives:
This is a very high correlation indeed.  However graphing the model function m(x) suggests the bounces never get lower than 0.15m - which doesn't make physical sense.  So if indeed there is a good quadratic model it should have a minimum on the x-axis i.e. be of the form: 

p(x)=k*(1-x/T)2 where we could take k as the height at t=0 i.e. 1.3m, and find T as the time by which all the bounces will have died out.  Making a "slider" for the parameter T we see that a good fit is obtained for T as about 8.25 s.
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Can you carry out an analysis of the situation from the data provided e.g. to find the % loss of energy at each bounce - and hence the coefficient of restitution - and also the time taken for all the energy to have been dissipated?  Does this agree with our estimate?  Remember that this is actually a discrete model because each data point represents the maximum of a bounce - so there are no "in-between" values.  Is it possible that we can have a theoretically infinite number of bounces within a finite time frame of about 8 secs?  Can you find theory to explain why or why not the quadratic function is an appropriate model for the height and time of the n-th bounce?   
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What are the possible sources of errors in the experiment and/or the data collection which may have accounted for why the `best fit’ quadratic model had to be adjusted?  TII! documents\Ball bounce.tii
2.2 Capacitor discharge
With the CBL2’s voltage probe we can plot the discharge of a 220 (F capacitor wired in parallel with a 100k(resistor across a 9V cell.  100 readings are taken at 0.1 s intervals. The screen shots are from the EasyData Application on the TI-84.  The data look at first sight to be well-fitted by a linear function.
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The normal decay model, e.g. for cooling, is from an exponential function.  Note the difference in the ways in which the Vernier App and the built-in TI-84 Stat Calculations represent the modelling functions.  Can you show that they agree?  Clearly the long-term behaviour of the exponential function is much more plausible than that of the linear model! 
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You can explore the “half-life” feature of exponential decay. For example we can see that the ratios of values taken at equal intervals, e.g. every 2 seconds, are more or less equal (86%).

The theoretical model here is that the rate of loss of change of the charge in the capacitor is proportional to amount of charge it is holding.  This gives a `multiplicative’ model which applies widely to growth and decay models.  TII! documents\Capacitor discharge.tii.

The use of temperature probes for cooling liquids and of voltage probes for capacitor discharge provide direct and quick examples of decay curves – which can be explored well before exponential functions would normally be encountered in mathematics.  Using a spreadsheet or graphical calculator model of a sequence in which each term is a multiple k of its predecessor, with 1>k>0, students can gain an understanding of decay curves.  Many students watch television series such as CSI and Numb3rs in which forensic science is used to solve crimes.  Forensics provides an excellent vehicle for motivating the study of scientific principles which can easily be exported to the mathematics classroom as well.  In fact for relatively short time periods (up to 12 hours, say) the cooling of blood temperature is closely approximated by a linear function.  The same is true for radioactive decay, such as that of Carbon 14, with a half-life of 5730 years, used for dating historical/archaeological artefacts.  Hampshire provides a very good source of the use of the latter in dating the wood used in the huge round table in Winchester which was by legend supposed to be the round table of the Arthurian legend.  Arthur was believed to have reigned around 500AD, but the carbon dating of the table showed it to be made of wood cut down around 1234AD.  TII! documents\Carbon dating.tii .
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3. Working with images
3.1 A fountain from a picture

The photograph is of a fountain called “Youth” by the sculptor Druhva Mistry in the centre of Birmingham.  Such a photograph can be taken with a digital camera, or as a still from a video camera, or from a CD, or from the Internet or from scanning a publication or photograph.

There are now several maths packages which can be used to extract data from such images, which will usually be stored in jpeg (.jpg) format.  One way is to use a free tool, such as DigitiseImage from http://maths.sci.shu.ac.uk/DigitiseImage/ , to set up axes and to calibrate measurements before marking a set of points whose coordinates will be stored in a text file for use in a spreadsheet, or with TI software or uploaded to graphical calculators.  In the case of this statue the figures are life-size images of a girl and boy, so we know, for example that the distance from the boy’s shoulder to his wrist is about 0.5m. 
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From e.g. TI InterActive!, we find that
the quadratic regression model is:
TII! documents\Fountain.tii.    

The picture is a still image of moving streams of water.  We can find the xy trajectory of one of the streams, and by using some analysis, and assuming a value for gravity g, we can find the models for both horizontal x(t) and vertical y(t) displacement in terms of time t.  
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We can also find expressions for the horizontal and vertical velocities at any time t, so we can calculate critical values such as the maximum height reached, the speed and angle at which the stream left the pipe, the time taken for a water droplet to complete its flight etc.  x(t) and y(t) will also be the parametric equations for the space trajectory.
Another approach is to drop the picture into the background of geometry software such as Cabri II Plus, the Geometer’s Sketchpad or Geogebra, or into analysis software such as the MA/Intel Mathematical Toolkit, Autograph or even MS Excel.   Then geometric constructions, measurements and/or graphs can be made over the image.  An article describing the techniques can be downloaded from my website: http://www.adrianoldknow.org.uk/Page3.htm  and is also on my science CD: Articles\Still and video.pdf
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In the Cabri II Plus version a segment has been drawn to represent the boy’s arm.  Axes have been drawn and the origin dragged to roughly where the line of symmetry of the fountain meets the water level.  Using the Compass tool a circle has been drawn with the origin as centre, and the boy’s arm as radius.  The points of intersection of this circle with the x-axis have been constructed.  The unit point on the x-axis is then dragged until the positive intersection point has coordinates (0,5,0).  Five points have been placed on one of the water spouts, and used to define a conic.  Then they have been adjusted to try to get a fit which gives a parabola.  One of the points is at the parabola’s vertex and is coordinates (p,r) are shown in the figure above. The third parameter, q, could be set up as a slider, or, as shown, using Numerical Edit.  An algebraic Expression has been entered and can be used to plot a graph by clicking in turn on the numeric values for p, q and r and then on the x-axis for the values for x.  Now dragging the vertex point and/or increasing or decreasing the number we can adjust the graph to be a good `by eye’ fit to the water spout.  Cabri II Plus files\fountain.fig.

There are other techniques for capturing still images of moving objects such as the one shown below captured using a stroboscopic light.  A great `plus’ with the latest version 1.4 of Cabri II Plus is the ability to save figures in html (web-page) format.  Cabri II Plus files\fountain cab.html.  Such files can then be manipulated by downloading the free `plug-ins’ from: http://www.cabri.com/v2/pages/en/downloads_cabri2plus.php#plugin. 
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3.2 A basket-ball from a video

In order to extract data from a video clip you will need to use a tool to annotate some or all of the frames of the video, and preferably one which will also build up a data table of the coordinates used as well as the elapsed time.  A rich source of free software for this comes from US physics teaching.  A general article describes some of the main tools available – both free and commercial is at: http://www3.science.tamu.edu/cmse/videoanalysis/ .  The free ones are: Tracker 2 (java using QuickTime video): http://www.cabrillo.edu/~dbrown/tracker/ , 

Vidshell 2000: http://www.webphysics.nhctc.edu/vidshell/vidshell.html and
Data Point 0.62: http://www.stchas.edu/faculty/gcarlson/physics/datapoint.htm . 

You may well need to do some conversion between different movie formats e.g. avi and wmv, and perhaps some editing, such as extracting a shorter clip.  Free tools are: Windows Movie Maker 2.1: http://www.microsoft.com/windowsxp/downloads/updates/moviemaker2.mspx 

and Open video convertor: http://www.008soft.com/ .  Commercial tools allowing free use are: 

Total video convertor 3.02: http://www.effectmatrix.com/total-video-converter/index.htm and
AVS video convertor 5.6: http://www.avsmedia.com/downloads/index.aspx 

An example using Vidshell and TI InterActive! can be found in the TI publication:

TI InterActive! ™ in the Classroom: Sample activities for teaching and learning mathematics and science  http://www.t3vlaanderen.be/ .  Here is a similar approach using Tracker.  The avi video clip was taken using the video mode in a hand-held Fuji Finepix digital camera – so it’s a bit jumpy!  It was clipped using Windows Movie Maker, and the resulting avi file was compressed from over 4 Mb to under 400 kb using Total Video converter.  Tracker files\basket ao tvc.avi. We know that the height of the basket above the ground should be 3.05m and we can calibrate the image by marking two points and editing their coordinates to be (0,0) and (0,3.05).  These are then used to define the axes, and the points can be dragged to make sure that the y-axis is vertical and the x-axis passes through the thrower’s toes!  We can step throw the frames until the first one where the ball has left contact with the hand.  We now keep track of the ball’s centre by marking each successive frame.  Tracker builds up a data table and also [image: image62.jpg](8] [L]¥]#] [opmt [ oo




shows a graph.  You can change the variables plotted on the graph e.g. from t,x to x,y.  Tracker keeps track of the frame number for each data pair, and converts to an elapsed time in seconds using the frame rate taken from the video (e.g. 25 frames per second). 
Tracker files\tracker.jar.

Tracker files\basket final.trk
Right clicking in the graph window allows you to Analyze the data – and the software will compute the best fit line, quadratic or cubic function.  You can also copy the data in the table window and paste this into e.g. TI InterActive! or Excel and also upload them to a TI-84.  
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TII! documents\Pendulum.tii.
From the tx and ty graphs you can now find the velocity and acceleration models in each direction and hence estimate g, as well as the initial and final velocities and angles. 
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3.3 A pendulum from a video

Using the same techniques, the time, x and y data have been extracted from a video clip of a pendulum.  We can see from the tracker screen that the graph of horizontal displacement against time looks a good sinusoidal shape.  Tracker will also estimate the horizontal and vertical velocities numerically. Tracker files\pendulum.avi .
Tracker files\pendulum good.trk.  With the data imported e.g. into TI InterActive! we can display the data in any one of a variety of graph forms.  
The graph of the xy data should be an arc of a circle! TII! documents\Pendulum video.tii .
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The x and vx data against time should both be periodic and with a phase shift; similarly for y and vy data against time.  We can also produce the so-called `phase-plane portrait’ of x against vx, and of y against vy.  In the perfect case – no friction, vacuum, light string, point mass etc. – we would expect each displacement v velocity trajectory to be a smooth closed curve – an ellipse.  With friction the pendulum’s swings will be damped and in the case the trajectory will spiral in to a point of rest.  Here time is the parameter and the dynamics appear in the way the curves are plotted.  This kind of graphic representation is often used to illustrate chaos. 
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4. Making 3D models

4.1 Ethane to Ethanol

We have already seen how geometry software can be used to help model scientific data in 2D.  Here we take a brief glimpse at how it can help in visualising and modelling in three dimensions, using Cabri 3D v2.   http://www.cabri.com/v2/pages/en/downloads_cabri3d.php#evaluation. Ethane was one of the hydrocarbons whose boiling point we used earlier.  Its molecular structure connects two Carbon atoms and six hydrogen atoms.  The 2D screen shot below on the left gives an indication of the links, but not actually its spatial arrangement.  But in Cabri 3D you can drag the image with the right-mouse button to show it in perspective from different viewpoints.  As with Cabri II Plus you can also embed Cabri 3D figures in Word, Powerpoint and Excel files, as well as in web pages.  Again you just need to download and install the free plug-ins to be able to manipulate the figure.   Personally I find Ethanol a much more interesting subject than Ethane – being the basis of the alcohol in the wines I like to drink.  Can you describe geometrically how to extend the Ethane molecule to represent the Ethanol molecule shown below?  Of course these are just 2D images – you might like to manipulate the 3D ones!
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Cabri 3D files\Ethane.cg3



Cabri 3D files\Ethanol.cg3
  [image: image46.wmf][image: image47.wmf]
4.2 Modelling the pendulum with friction
Here we will try to make it clearer how the different forms of graphical displays of dynamic systems are related.  In the 3D model the axes will represent displacement X, velocity V and time T.  Without friction the ideal pendulum will have a trajectory in the XV plane which is an ellipse.  There is a standard geometric construction for an ellipse known as `auxiliary circles’ – whose radii represent the maximum displacement and the maximum velocity.  Each position of the pendulum is represented by a point in space whose coordinates are (X,V,T).  If there was no friction then the trajectory of this point would be a helix wrapped around an elliptic cylinder with the T axis as its axis of symmetry.  In the presence of friction the helix will wind inwards around an elliptic cone.  The point T represents the vertex of the cone, i.e. the rest position of the system.  The model is animated by setting a point P on the `displacement’ auxiliary circle in motion.  This will drag a point S (X, V, 0) around the ellipse which is the base of the cone.  We also animate a point Q on the T-axis (0,0,T).  The normal to the XV plane through S meets the plane perpendicular to the T-axis through Q at the point R (X,V,T).  Point Q is animated at the slowest possible speed, and the speed of P determines how many revolutions (and so swings) are made before the pendulum comes to rest.  The positions of R are traced – shown in green – and form the helix on the elliptic cone.  The projections of R on the XV, VT and XT planes are also constructed and their trajectories are traced in cyan, mauve and yellow.  Hence in one 3D image we can see all four graphic images, and we can also get Cabri 3D to show front side and top elevations without perspective.  Now we can see that the models for both X against T, and for V against T are damped sine waves, and that for V against T is an inward spiral – in line with the predicted ideal theory.  Cabri 3D files\phase plane 2.cg3
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And we can generate graphs of theoretical models in e.g. TI InterActive! or TI-84.
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TII! documents\Pendulum phase plane.tii .

So we have seen graphs which show the behaviour of a normal pendulum and its idealised mathematical model.  In his book, `The Cosmic Blueprint’, Prof. Paul Davies draws some freehand sketches of phase-plane portraits of variations on the simple pendulum.  One of these purports to show some rather unusual behaviour of a pendulum with a non-linear force.  Can you explain why the graph cannot possibly represent any real physical system?!

[image: image52.png]Figure 16, If a on-linearityis included in the driving force, the pendulum’s motion becomes more
complicated. The case shown is the fimit cycle with a small cubic force added, which causes the
pendubum to execute brief backward jerks, represented by the small loops.




5. Making a real working model

5.1 The Mars Explorer
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The photograph shows a model of the “sojourner” which we call the CBME (Calculator Based Mars Explorer).  The chassis is made from Mecano, with a 6V motor and a gear chain which allows it to move slowly.  The chassis carries a set of equipment consisting of a CBL and TI-83 attached with velcro and using a light-intensity sensor and a CBR.  The CBL’s DIG OUT port is connected to a digital control box with four lines.  Two of these control a relay to make the motor go forward, back or stop.  The third line controls a light bulb and the fourth a buzzer.  The program checks if there is enough light (simulating sunrise on Mars) to start moving.  Then the CBR finds the distance to the nearest object in its path.  When it detects an obstacle at 1m or less it stops.  It flashes its light and sounds its buzzer for 5 s, before selecting reverse and backing away.  Here we are using hand-held technology to model a very realistic context.  

6. Conclusion

The main theme of this article has been on using mathematical modelling, and ICT tools, to fit scientific data and to produce graphical representations.  The main functions we have used are:
linear, quadratic, exponential, logarithmic, power and sine functions – and one might argue that one aim of 11-19 mathematics education should be to stimulate familiarity with these functions and their graphs, using ICT tools to investigate their properties, combinations, transformations etc.  As well as seeing applications of algebra we have also met examples of data-handling and geometry (2D and 3D).   
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